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We develop a variational approach to calculate the density response function at finite temperatures
of the lowest-lying two-fluid modes in a trapped two-component Fermi superfluid close to a Feshbach
resonance. The out-of-phase oscillations, which are the analogue in trapped gases of second sound
in uniform superfluids, have so far not been observed in cold-atom experiments. At unitarity, we
show that these modes are observable at finite temperatures via two-photon Bragg scattering, whose
spectrum is related to the imaginary part of density response function. This provides direct evidence
for superfluidity and a promising way to test microscopic results for thermodynamics at unitarity.
PACS numbers: 03.75.Kk, 03.75.Ss
There is growing experimental evidence [1, 2, 3] that
trapped Fermi gases close to a Feshbach resonance are
in the collisional hydrodynamic regime. It has been ar-
gued that the finite temperature dynamics in this region
should be described by the Landau two-fluid hydrody-
namic equations [4]. Landau’s two-fluid hydrodynam-
ics [5, 6] describes the coupled dynamics of the superfluid
and normal fluid components when collisions produce a
state of local thermodynamic equilibrium. A Feshbach
resonance can be used to increase the magnitude of the
s-wave scattering length between Fermi atoms in two dif-
ferent hyperfine states. Thus, close to the unitarity limit
where the scattering length diverges, the Landau two-
fluid description of finite temperature collisional dynam-
ics of trapped Fermi superfluids is expected to be valid.
In a recent paper [7], we have used a variational approach
to calculate the two-fluid dipole and breathing modes. In
this Letter, we extend this variational theory to calculate
the density response function given by Landau’s two-fluid
hydrodynamics in a trapped Fermi gas at unitarity. We
propose that two-photon Bragg scattering [8] (which has
been used to study the collisionless region [9, 10, 11]) is
an ideal tool to probe Landau two-fluid behaviour.
The most spectacular prediction of Landau’s two-fluid
hydrodynamics is the existence of second-sound, an out-
of-phase oscillation of the normal and superfluid compo-
nents. Due to weak interactions, this region has never
been probed in Bose-condensed gases. For a strongly in-
teracting Fermi gas near unitarity, one can show that
the recent studies of breathing modes have probed the
in-phase two-fluid mode [1, 12, 13] since only this mode
is excited by modulating the harmonic confining poten-
tial. We have shown in Ref. [7] that the frequency of
this in-phase mode is temperature independent at uni-
tarity. This result explains why these experiments are
well explained by the oscillations of a pure superfluid at
T = 0 [14, 15, 16]. The out-of-phase modes predicted
by two-fluid hydrodynamics in trapped Fermi gases at
finite temperatures are much more interesting, being the
analogue of second sound.
The Bragg scattering cross section is proportional to
the imaginary part Imχρρ(q,Ω) of the density response
function, where q and Ω are the wave vector and fre-
quency difference between two laser beams. In experi-
ments done so far on trapped Bose gases, Bragg scat-
tering has been used both in the large q (≡ |q|) region
(qRTF ≫ 2pi, RTF being the smallest Thomas-Fermi
radius of the condensate) where the phonon excitations
characteristic of uniform systems are probed [11], and in
the small q region such that qRTF ∼ O(1) [9]. In the lat-
ter region, the wavelength λ = 2pi/q of the Bragg beams
is comparable to the size of the condensate, and therefore
the lowest energy normal modes can be excited.
The variational approach we develop (see also Ref. [4])
is well suited for dealing with the two-fluid hydrody-
namics at finite temperatures in a spatially non-uniform
trapped Fermi gas. We concentrate on the BCS-BEC
crossover at unitarity since this is perhaps the most in-
teresting region. However, our formalism is applicable
away from unitarity as long as the collisions are strong
enough to produce local equilibrium. Our new results
show that the density response spectrum exhibits well
defined resonances corresponding to the out-of-phase os-
cillations at temperatures of the order 0.5Tc in the su-
perfluid phase. The frequencies and spectral weights of
the out-of-phase modes are very dependent on the tem-
perature. The weight vanishes both at T = 0 and above
Tc. The in-phase hydrodynamic modes frequencies are
independent of temperature [7] but the spectral weights
change with T .
Out-of-phase mode frequencies. — Before discussing
the density response function, we need to review the vari-
ational theory [4, 7] for the solutions of the Landau two-
fluid equations. This is based on an action S
(2)
0 that
describes fluctuations in the displacement fields us,un
defined by vs ≡ u˙s and vn ≡ u˙n, where vs and vn are
2the superfluid and normal fluid velocities, respectively.
The stationary point of the action gives the solutions of
the linearized Landau two-fluid differential equations and
hence, the two-fluid hydrodynamic mode frequencies.
Following Refs. [4, 7], we make a physically moti-
vated ansatz for the displacement fields for the low en-
ergy hydrodynamic modes in trapped gases based on the
known exact solutions for a pure superfluid (T = 0)
and a normal fluid (T > Tc). In these two limits, the
exact solutions are of the same form. For the dipole
mode, characterized by displacements of the centre-of-
masses of the normal and superfluid components along
one of the axes of the harmonic trap (we choose the
z axis), we use us,n(r, t) =
∑
ω e
−iωtas,n(ω)zˆ, where zˆ
is the unit vector along the z axis. For the breathing
mode in an isotropic trap, we use the scaling ansatz
us,n(r, t) =
∑
ω e
−iωtas,n(ω)r. For both these modes,
the action can be written in terms of the variational pa-
rameters as and an as
S
(2)
0 =
1
2
∑
ω
(a∗s, a
∗
n)A(ω)(as, an)
T , (1)
where we have defined the 2× 2 matrix A as
A(ω) ≡
[
Msω
2−ks −ksn
−ksn Mnω2−kn
]
, (2)
and the superscript “T ” denotes the transpose of the two
component spinor. The superfluid and normal fluid mass
moments, Ms and Mn, as well as the “spring constants”
ks, kn, and ksn, depend on the choice of ansatz for dif-
ferent normal modes [4, 7]. These are given below for
the dipole and breathing modes. The variational solu-
tions (denoted by the superscript “L”) of the Landau
two-fluid equations are given by
∂S
(2)
0
∂a∗s
∣∣∣
as=aLs
=
∂S
(2)
0
∂a∗n
∣∣∣
an=aLn
= 0, (3)
which leads to A(aLs , a
L
n)
T = 0. The frequencies of the
in-phase (ω1) and out-of-phase (ω2) modes are thus given
by the solution of detA(ω)=0. As shown in Ref. [7], for
both the dipole and breathing modes at unitarity, the
in-phase and out-of-phase modes are described by the
displacements as = an and Msas +Mnan = 0, respec-
tively.
For the dipole mode, one finds [7] MDs ≡
∫
dr ρs0(r),
MDn ≡
∫
dr ρn0(r), k
D
sn = M
D
s ω
2
0−kDs , and kDn = (MDn −
MDs )ω
2
0 + k
D
s , where we have defined
kDs ≡
∫
dr
(
∂µ
∂ρ
)
s
∂ρs0
∂z
∂ρs0
∂z
. (4)
Here, ρs0 and ρn0 ≡ ρ0 − ρs0 are the equilibrium su-
perfluid and normal fluid densities, respectively. Using
these results, the in-phase dipole mode is just the gener-
alized Kohn mode with frequency ω1D = ω0 equal to the
trap frequency at all temperatures. The frequency of the
out-of-phase dipole oscillation is
ω22D =
kDs
MDr
− M
D
s
MDn
ω20 , (5)
where MDr ≡ MDs MDn /(MDs +MDn ) is the dipole mode
reduced mass.
At unitarity, the universal nature of the thermodynam-
ics [17] leads to great simplifications in the expression for
the breathing mode frequencies. For an isotropic trap,
we find [7], MBs ≡
∫
dr ρs0(r)r
2, MBn ≡
∫
dr ρn0(r)r
2,
kBsn = 4M
B
s ω
2
0 − kBs , and kBn = 4(MBn −MBs )ω20 + kBs ,
where we have defined
kBs ≡
∫
dr
(
∂µ
∂ρ
)
s
{∇ · [rρs0(r)]}2 . (6)
The frequency of the in-phase mode at unitarity is inde-
pendent of temperature, given by ω1B = 2ω0 [18]. The
frequency of the out-of-phase mode is
ω22B =
kBs
MBr
− 4M
B
s
MBn
ω20 , (7)
with the breathing mode reduced mass MBr ≡
MBs M
B
n /(M
B
s +M
B
n ). The frequencies of both this out-
of-phase breathing mode and the dipole mode [Eq. (7)]
are strongly dependent on temperature (see Figs. 3 and
4 of Ref. [7]).
Density response function. — The two-photon Bragg
scattering spectrum is well known to be directly related
to the imaginary part of the density response function
χρρ(q,Ω) [11, 19]. This in turn is related to the antisym-
metric part of the dynamic structure factor S(q,Ω),
− Imχρρ(q,Ω)
2pim2N
=
1
2
[S(q,Ω)−S(q,−Ω)] ≡ SA(q,Ω), (8)
whereN is the number of Fermi atoms. This formalism is
valid in both the collisionless and hydrodynamic regions.
In this Letter, we concentrate on the contribution to SA
from the hydrodynamic dipole and breathing modes in
trapped gases.
To find the density response function χρρ(q,Ω),
we consider an external potential of Bragg beams
which excites modes of frequency Ω and wavevector q:
Vpert(r, t) = Vq,Ωe
i(q·r−Ωt). Assuming this is a weak per-
turbation, there will be a density response of the form
δρ(q,Ω) = χρρ(q,Ω)Vq,Ω, (9)
which defines the linear density response function χρρ.
Our task is to find the structure of χρρ(q,Ω) imposed by
the Landau two-fluid equations in the presence of both
Vpert and the trap potential.
The Bragg perturbing potential generates an extra
term S
(2)
pert = −
∫
drdt[Vpert(r, t)δρ
+(r, t)+h.c.] in the ac-
tion, with δρ(r, t) = −∇· [ρs0(r)us(r, t) + ρn0(r)un(r, t)]
3being the density fluctuation operator [4]. Thus,
S
(2)
pert = Vq,Ω [F
∗
s (q)a
∗
s(Ω) + F
∗
n(q)a
∗
n(Ω)] + h.c., (10)
with the weighting factors
FDs,n(q) ≡ −iqz
∫
dreiq·rρs0,n0(r)
FBs,n(q) ≡ −i
∫
dreiq·r(q · r)ρs0,n0(r) (11)
for the dipole (D) and isotropic breathing modes (B). The
variational solutions of the Landau two-fluid equations
are now given by Eq. (3), using the action S
(2)
0 +S
(2)
pert.
It is straightforward to show that this gives (aLs , a
L
n)
T =
−A−1 [F ∗s (q), F ∗n (q)]T Vq,Ω for the variational parame-
ters describing the two-fluid modes. Hence, the density
response of the Landau two-fluid equations, δρL(q,Ω) =
− [Fs(q)as(Ω) + Fn(q)an(Ω)], is given by Eq. (9) but
now we have an explicit expression for the density re-
sponse function in the Landau two-fluid region,
χLρρ(q,Ω) =
∑
αβ
F ∗α[A
−1(Ω)]αβFβ , (12)
where [A−1(Ω)]αβ (α, β = s, n) denotes the αβ element
of the inverse of the matrix A(Ω) defined in Eq. (2).
Using Eq. (2) in Eq. (12), the density fluctuation spec-
trum given by Eq. (8) becomes (for Ω > 0),
SHA (q,Ω)=γq
[
Z1(q)
2ω1
δ(Ω−ω1)+Z2(q)
2ω2
δ(Ω−ω2)
]
, (13)
where
γq ≡ 1
2m2N
[
|Fs(q)|2
Ms
+
|Fn(q)|2
Mn
]
, (14)
and the relative weight of the in-phase mode ω1 is given
by
Z1(q) ≡ |Fs(q) + Fn(q)|
2
Mr
|Fs(q)|2Mn + |Fn(q)|2Ms
. (15)
The functions Fn,s(q) are defined in Eq. (11). The
out-of-phase mode ω2 in Eq. (13) has relative weight
Z2(q) ≡ 1 − Z1(q). Equations (13) and (15) are valid
for both the dipole (with Fs,n = F
D
s,n and Ms,n = M
D
s,n)
and breathing (Fs,n = F
B
s,n and Ms,n = M
B
s,n) modes.
Equation (13), describing the density response function
predicted by Landau two-fluid hydrodynamics, is the key
result of this Letter. It is the natural generalization of
the well-known expression [20] for a uniform superfluid,
to be discussed shortly.
Numerical results for SHA (q,Ω) for the dipole and
breathing modes for several different temperatures are
shown in Fig. 1. We use the thermodynamic functions
and superfluid density for a uniform superfluid given in
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FIG. 1: (Color online) Temperature dependence of the den-
sity response spectrum as a function of the frequency Ω at
unitarity due to (a) dipole and (b) breathing modes, for an
isotropic trap with frequency ω0. The momentum transferred
q = 2pi/RTF is given in terms of the Thomas-Fermi radius of
a ideal trapped Fermi gas. From bottom to top, the temper-
ature T increases from 0.04TF to 0.28TF with a step 0.04TF ,
where TF is the Fermi temperature of an ideal trapped Fermi
gas. The top curve is above the superfluid transition temper-
ature Tc ≃ 0.27TF .
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FIG. 2: (Color online) The spectral function SA(q, ω) with
increasing Bragg momentum q, for T = 0.7Tc.
Ref. [7] and use a local density calculation approxima-
tion to calculate these quantities in a trapped gas. The
results are quite dependent on the momentum transfer
q = 2pi/λ for the Bragg pulse. This is shown in Fig. 2,
which compares SHA (q,Ω) for several different values of
q, at the temperature T = 0.7Tc. In Figs. 1 and 2, the
width of the resonances is taken to be 0.02ω0. In experi-
ments, the width will go as 2pi/∆t, where ∆t is the Bragg
pulse duration (see, for example, Ref. [19]).
As T→0, Mr→Mn, and the weights of both the in-
phase dipole and breathing modes goes to unity, Z1→
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FIG. 3: Momentum dependence of (a) the f -sum weight γq (in
units of q2/4m) and (b) weight Z2 of the lowest energy out-
of-phase dipole and breathing modes at T = 0.18TF ≃ 0.7Tc.
F 2s (q)Mr/F
2
s (q)Mn=1. Thus, S
H
A (q, ω) only has reso-
nances at the frequencies of the in-phase modes at T = 0.
As the temperature increases, however, the out-of-phase
modes acquire finite weight and SHA (q,Ω) gains addi-
tional resonances at these frequencies. As T → Tc,
Mr → Ms, and Z1 → F 2n(q)Mr/F 2n(q)Ms = 1. As ex-
pected, above Tc, only the in-phase modes are present.
In understanding SA(q,Ω) in both uniform and
trapped gases, the well-known f -sum rule [8, 21] is very
useful. Quite generally, SA(q,Ω) satisfies the condition∫
∞
0
dΩ ΩSA(q,Ω) = q
2/4m. (16)
The spectral density SA has contributions from all hy-
drodynamic modes, as well from high energy excitations
not described by the two-fluid equations. For a trapped
gas, the two-fluid density response in Eq. (13) gives∫
∞
0
dΩ ΩSHA (q,Ω) = γq(T ), (17)
which shows that γq in Eq. (14) describes the relative
contribution of a hydrodynamic mode to the f -sum rule
for a given value of q.
In Fig. 3, we plot the dependence on q of the weight
factor γq in Eqs. (13) and (15) of the dipole and breath-
ing hydrodynamic modes as well as the weight Z2(q) of
the out-of-phase modes. These results are for T = 0.7Tc
and are quite dependent on temperature (as can be seen
in Fig. 1). The optimal momentum to observe the out-
of-phase mode is seen to be about 2pi/RTF , where the
overall weight γqZ2(q) reaches a maximum. As shown in
Fig. 3(a), γq is significantly reduced from the maximum
value of q2/4m when q ∼ 2pi/RTF . This means that
at larger values of q, the spectral weight in SA(q,Ω) is
shifting to other low-energy hydrodynamic modes (e.g.,
quadrupole) as well as high-energy excitations not de-
scribed by two-fluid hydrodynamics. The successful ob-
servation of the out-of-phase modes using Bragg scatter-
ing will require trying to find the optimal values of q and
T .
0.0 0.2 0.4 0.6
0
40
80
120
+
 
S A
H
(q
,
) [
ab
s. 
un
its
]
 
 
 / (qvF)
(1/5)
FIG. 4: (Color online) Temperature dependence of the den-
sity response spectrum in a uniform gas as a function of the
frequency Ω. The offset spectra go from T = 0.4Tc to T = Tc
in steps of 0.1Tc. The spectral weight of second sound (lower
branch) is very small below 0.4Tc. The spectral weight of first
sound is everywhere much larger than second sound and has
been reduced by a factor of 5 in this plot.
Using a plane-wave ansatz for the displacement fields,
one can verify that Eq. (12) gives the usual two-fluid
density response function for a uniform superfluid [20].
In Fig. 4, we show SHA (q,Ω) for a uniform gas at uni-
tarity, based on the same thermodynamic functions [7]
used to compute the density fluctuation spectrum for a
trapped gas (using a local density approximation) shown
in Figs. 1-3. For a uniform gas, the poles of SHA (q,Ω)
correspond to first and second sound (ωi = ciq), the ana-
logue of the in-phase and out-of-phase modes in a trap
which we have been discussing. In a uniform superfluid,
the expression for SHA (q,Ω) describing first and second
sound modes saturates the f -sum rule in Eq. (16), namely∫
∞
0
dΩ ΩSHA (q,Ω) = q
2/4m. (18)
However, the nature of both the in-phase and out-of-
phase modes is quite different in traps and there is no sim-
ple comparison. In contrast to the results for a trapped
gas shown in Fig. 1, the second sound frequency goes
to zero at Tc in a uniform gas. The lowest temperature
shown in Fig. 4 is 0.4Tc, since the weight of second sound
is vanishingly small at lower temperatures. However, we
note that the second sound velocity c2 increases to the
T = 0 value c1/
√
3 ≃ 0.21vF , where c1 ≃ 0.37vF is equiv-
alent to the Bogoliubov phonon velocity at T = 0 (see,
for instance, Ref. [22]).
Conclusions. — We have proposed that two-photon
Bragg scattering is an ideal tool to probe the Landau
two-fluid superfluid hydrodynamics in a trapped strongly
interacting Fermi gas near unitarity. To this end, we have
presented explicit predictions for the density response
spectrum which can be measured with available exper-
imental techniques [9, 10, 11]. Previous studies for uni-
form [17, 22] and trapped [23] gases did not calculate the
spectral weights of the hydrodynamic modes in the dy-
namic structure factor. The observation of second sound-
like out-of-phase modes at finite temperatures is one of
5the challenges in current research on ultracold atomic
gases.
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